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Abstract 

Supersymmetric (pseudo-classical) mechanics has recently been generalized to frac- 
tional supersymmetric mechanics. In such a construction, the action is invariant 
under fractional supersymmetry transformations, which are the F roots of time 
translations (with F = 1,2, ...). Associated with these symmetries, there are con- 
served charges with fractional canonical dimension 1-^1/ F. Using paragrassmann 
variables satisfying 0^ = 0, we present a fractional-superspace formulation of this 
construction. 
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1. Introduction 



In field theory, supersymmetric (SUSY) transformations are "square roots" of 
space-time translations. As a special case, (quantum) mechanics can be considered 
as a field theory in one time and zero space dimensions, and in this context, SUSY 
transformations are then the square roots of time translations only. Since time 
translations are generated by the Hamiltonian H, and SUSY transformations by 
the supercharge Q, we are led to the algebra H — which defines SUSY quantum 
mechanics. 

We recently have presented a new generalization of SUSY quantum mechan- 
ics which we call fractional supersymmetric (FSUSY) quantum mechanics. '^'^^ In 
such a construction, the Hamiltonian is expressed as the F power of a conserved 
fractional supercharge: H — , with [H, Q] = and F = 1, 2, ... . Motivated by 
this new algebra, we have pseudo-classically described FSUSY transformations as 
the F^^ roots of time translations, and provided an action invariant under such 
transformations. [^'^1 Here, we shall reformulate these results in fractional super- 
space, using paragrassmann variables of order F satisfying 9^ = 0. Additionally, 
we construct the conserved Nother fractional supercharges, which are of fractional 
canonical dimension 1 + 1/ F, associated with these symmetry transformations. In 
the present work, we restrict ourselves to the free particle. The interacting case 
will be discussed elsewhere. 

2. Fractional superspace formalism 

In this section, we introduce paragrassmann variables which interpolate be- 
tween ordinary bosonic and fermionic variables, and which will be used to con- 
struct fractional-superspace coordinates. (In a quantum-mechanical context, these 
paragrassmann variables are instead interpreted as generalized creation and anni- 
hilation operators. 1^'^]) Note that we will use the following definition: 



We introduce a real paragrassmann variable 9 of order F, and its (real) deriva- 
tive d = d/d9, which satisfy 



[A, B]^ = AB- ujBA. 



(1) 




F = l,2,... 



(2) 



{0 



^0, d 
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We take the generalized commutation relation between 9 and d to be 

[d,e]g = a{l-q) (3) 

where a is an arbitrary real parameter, and q E C a, primitive F^^ root of unity: 

= 1 (5^ 1 for < n < F). (4) 

By a primitive root, we mean a root satifying the condition in parentheses; for 
instance, 7^ ±1 for F = 4. We require the factor a{l — q) with a real (but 
arbitrary) a in the r.h.s of (3) so that (3) is consistent both under complex conju- 
gation, and in the "null" case F = 1 {q= 1)^ i.e.^ 6 = d = 0. Note that we recover 
the ordinary grassmann case for F = 2 (q- = —1): = 5^ = and {d^d} = 2a. 
Moreover, for some choices of a (for instance, a = F), we also recover the bosonic 
case in the limit F — > 00 (qf = 1): [0,9] = constS^''^^ However, in the following 
sections, we will not be concerned with this limit, so we let a remain unfixed. The 
definition (3) implies 

a • = a(l - g'^) + g^ra. (5) 

Setting ?i = F in (5) demonstrates that the condition (4) is actually a consequence 
of (2) and (3). 

For a given order F which is prime, we can actually introduce F — 2 other 
fractional derivatives. We thus have F — 1 derivatives, which wc write as di with 
i = l,2, ...,F— 1. With this notation, d = di. These derivatives satisfy 

af = 0, af-VO, [c»„r],.„=a(l-g-)r-i (6) 

and have the properties 

[d,,dF-i]g-r^O. (7) 

Note that in the SUSY limit (F = 2; g = —1) we are left with only one derivative 
satisfying the usual relation: [d,d]q-i = {d,d} — 2 8"^ = 0. For a non-prime F, 
the situation is more complicated. For instance, for F = 4, setting i = 2 in (7) 
implies (82)'^ = 0, which contradicts (6). In other words, g* is not a primitive root 
for i = 2. Therefore, for a non-prime F, there are fewer than F — 1 derivatives 
di, but at least two: do = di and 5o = dp-i- (We now put a ^-subscript on the 
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^-derivatives to clearly distinguish them from the time-derivative dt = d/dt and 
from the variation 5.) In the following, we will use only these two derivatives. 

We now introduce the fractional covariant derivative 



D = 5e + ie0^-^dt, 



= idt 



(8) 



and the generator of FSUSY transformations 



Q = de-ie9^-^dt, 



= -idt 



(9) 



where e ^ = Fa^ ^. These satisfy 



(10) 



Note that in the SUSY case (F = 2), we have 60 = de and {Q, D} = 0. Note also 
that the null limit de = is needed for the consistency of (8) and (9) when F = 1. 

Finally, we define the integration over a (real) paragrassmann variable 9 of 
order F as 



This direct generalization of integration over ordinary grassmann variables is in- 
variant under translation (^ ^ ^-|-e), as in the grassmann case. Note however that 
unlike the grassmann case, the results of derivation and integration are different. 
Also note that there is no bosonic limit of such a definition. This is not a problem 
since we will not require the bosonic limit of a paragrassmann variable, but rather 
the bosonic limit of the fractional-superspace coordinate (which will correspond 
to the case F = 1). 

3. Ordinary SUSY mechanics 

Let us first recall the ordinary SUSY case. We work in one dimension. The 
position of the particle is described by x{t), whereas its internal space is described 
by a real fermionic variable 'ip{t) satisfying ip'^ = 0. The SUSY transformations 
are given by 




(11) 



5x = ieijj 
5'4> = ex 



(12a) 
(126) 
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where e is a real fermionic infinitesimal parameter. Since eip = —i(je, the r.h.s of 
Eqs. (12) are real. Note that = 16162 x and S'^ip = i6i62'4>, so SUSY trans- 
formations are indeed the square roots of time translations. An action invariant 
under (12) is 

S = J dt ^(i;2 + #V)- (13) 

More precisely, the Lagrangian of (13) varies by the total time derivative dt{^xilj). 
Note that since ipip — —ipi^, this action is real. 

To give a superspace formulation of this construction, we need a real grass- 
mann coordinate and its derivative dg which satisfy 

^2 = ^2 = 0, {d0,e} = l; (14) 

these are the relations (2-4) for F = 2 (and a = 1/2). We also recall the rule of 
integration over ordinary grassmann variables: 



de{a + Ob)^b. (15) 
Then, we combine the variables x and '0 into a superspace coordinate Z(t, 9): 

z{t,e) = x{t) + ieip{t). (16) 

We say that x and ip respectively belong to the sector-0 and sector- 1 of the theory 
{9 is also in sector- 1 and sectors are defined modulo 2). Note that Z is real since 
ipO = —Oip. In this formalism, the SUSY transformations are generated by 

Q = d0-iedu Q^ = -idt. (17) 

Acting on Z{t, 9), we have 

5Z = 6QZ (18) 

which gives in components the transformations (12). We also need the covariant 
derivative 

D = d9 + iOdt, D"^ = idt (19) 
which anticommutes with Q: 

{D,Q} = 0. (20) 
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The relation (20) implies that if A transforms as 5 A = eQA {i.e., if A is a su- 
perfield), then DA transforms in the same way, 5{DA) — D{SA) = D{eQA) = 
eQ{DA), since eD = -De {i.e., since e anticommutes with 9 and do). Thus, the 
covariant derivative of a superfield is again a superfield. Moreover, the product of 
two superfields is also a superfield since the Leibniz rule holds: 

eQ{AB)=eQ{A)B + AeQ{B). (21) 

Indeed, we have S{AB) = {SA)B + A{6B) = {eQA)B + A{eQB) = eQ{AB). 
Therefore, it is easy to construct an invariant action. For instance, the action 

S = - J dtde ^{D^ZDZ) ^-ij dtdO ^{Z DZ) (22) 

is invariant under (18) since 5S = — ^ J dt dd eQ{D'^Z DZ), which is automatically 
zero (as we will see in Sect. 5 for the general case). Using the rule (15) to integrate 
over 9, we find the action (13). 



4. FSUSY mechanics of order 3 



Let us now turn to the next order: we now want to construct an action 
invariant under cube roots of time translations. We first introduce the fractional- 
superspace coordinate Z{t, 9) of order 3:''^ 

Z(t, 9) =x{t) + 5» ^(t) + g2 ^2^(^^^ (^23) 

where ^ is a real paragrassmann variable satisfying = 0, and where q is 
primitive cube root of unity, i.e., one which satisfies = 1 with q ^ 1. The 
factors q^/'^ and q'^ in (23) are needed in order for Z to be real (see below). We 
thus have a theory with three sectors, and sectors are defined modulo 3. The 
bosonic variable x{t) remains a sector-0 quantity, but now we have two types of 
real internal-space variables, (f){t) and ip{t), which respectively belong to sector-1 
and sector-2 since we take 9 to be in sector-1 (and since Z{t, 9) must be a sector-0 
quantity). We take the following commutation relations between the new variables: 

9(t) = q(t)9, 9ip = q'^ip9 (24a) 

and 

^ Throughout this paper, we will use the following convention: for q = e*^ with 
< ^ < 27r, the square root is defined as q^^"^ = e*^/^. 
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ip^ = q^ip, (jy^) = q^i)(j). (246) 

We now can see that Z* = Z. Since we have chosen to work with a real paragrass- 
mann variable 6, the series in (23) contains only 3 terms and no auxiliary field. 
[Alternatively, we could have chosen to work with a complex 9, we then would 
have had a fractional-superspace coordinate Z{t, 9, 9*) containing 9 terms, among 
which some would have been auxiliary fields. But here we want to present the 
construction in the simpler formulation of (23).] 

The FSUSY transformations of order 3 are the cube roots of a time translation. 
They are generated by the FSUSY generator 

Q^de-te9^dt, Q"" ^ -idt (25) 

where = Sa^, and where 6 and do satisfy (2-4) for F = 3. Acting on Z{t,9), 
we have 

SZ = (iq-^/^) eQZ (26) 

which gives in components 

Sx = iea{l — q)'ip 
5ijj ~ iea{l — q^) (p 
S(f) = eex 

where e is a real sector-1 infinitesimal parameter, which must satisfies''' 

eO = q~^9e, edo = qdee, eSe = qSoe. (28) 

In order for the r.h.s of (27) to be real, e must satisfy the following commutation 
relations with the different fields: 

ex — xe, ecf) — q(f)e, eip — q'^ip^- (29) 

We easily see that 5^ = — eie2e3 dt and thus Eqs. (27) indeed represent cube roots 
of time translations. An action invariant under (27) is 

S = J dt^[x'^ + - q)^i(; + - q^)ip(f)\ (30) 

^ To pass from (26) to (27), we need to use either (24a) or (28). 
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(27a) 
(276) 
(27c) 



with (3 = 3a^. This Lagrangian is real according to (246), and varies by a total 
derivative under the transformations (27) [see below]. In Sect. 6, we will construct 
the associated conserved fractional charge. 

Let us now write the action (30) in a fractional-superspace formulation, in 
order to make its FSUSY invariance manifest. First, we define integration over a 
paragrassmann variable of order 3 as 



/ 



de {a + eh + e'^c) = c (31) 



which is the particular case F = 3 of (11). Then, we introduce the fractional 
covariant derivative of order 3 

D^50 + ieO^dt, = idt (32) 

which satisfies the commutation relation (10) with Q. For DZ to transform in 
the same way as Z in (26), we must have [eQ^D] = 0, i.e. eD = qDe, which 
follows from (28). Moreover, according to (24a), (28) and (29), we can show that 
the Leibniz rule (21) still holds.''' Hence, the fractional covariant derivative of a 
fractional superfield is also a fractional superfield, and the product of two fractional 
superfields is again a fractional superfield. For instance, the action 

S = - J dtdO ^ {D^Z DZ) = -i J dt de ^{Z DZ) (33) 

is invariant under (26) since the variation of the Lagrangian can be written as a 
total Q-derivative, which implies dS — (as we will see in Sect. 5). Integrating 
out the paragrassmann variable 9 via the rule (31), we obtain the action (30). 



5. FSUSY mechanics of arbitrary order 

Let us now turn to the general case, i.e., the F'^^ roots of time translations 
with F = 1,2,.... We introduce the fractional-superspace coordinate Z{t,9) of 
order F: 

F-1 F-1 

z{t, e) = J2ci ^V(i) = ^(^) + E ^'^(^)' = (34) 

1=0 i=l 



^ The Leibniz rule works differently for D and Q, as we will see in Sect. 6. 
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where ^ is a real paragrassmann variable satisfying 9^ = 0, where 7/^(0) = x{t)^ and 
where qis primitive F'^^ root of unity [i.e., satisfies (4)]. Since we take 9 to be 
in sector-1, the real fields -i/^^i) = belong to the sector-(F — i). Sectors are 

defined modulo F. Note that the case F = 1 corresponds to an ordinary bosonic 
variable. We introduce the following commutation relations: 

9iP^i)=q-'iP^i^9 (35a) 

i^{i)i^{F-i) = q'i^(F-i)iPii)- (356) 

The relation (35a) implies that Z* = Z. Consistent with (356), we also introduce 
the commutation relation 

V'W^CF-i) = (36) 

For F = 2, the relations (35) and (36) reduce to the proper SUSY results ^■0 = 
— -0^, i/j^ = and il^ip = —ipip [where V' = V'(i)]- With the identification iI>(f) = 
the relation (36) also implies xx = xx. 

The FSUSY transformations of order F, i. e. the F roots of time translations, 
are generated by the FSUSY generator Q given in (9). It belongs to the sector- 
(F — 1) since 9 and de belong respectively to the sectors 1 and F — 1. The variation 
(26) now gives in components {i = 1,2, F — 1): 

^iea{l- q') ipi^i) (37a) 
5'i/'(F-i) = e ei (376) 

where the real infinitesimal parameter e belongs as before to the sector-1, and 
satisfies (28). We now have — i^~^ei...eF"^{i) [since HiLi^ll ~ 't) = -^l? 

and thus the transformations (37) are indeed F^^ roots of time translations. To 
ensure that the r.h.s of the transformations (37) are real (and that the action given 
below is invariant), we must take the following commutation relations between e 
and '(/'(j): 

eV'(i) = (38) 
For later convenience, we may combine the equations (37) as (z = 0, 1, F — 1): 

= *eQ!(l - g*+^) V'Ci+i) + eexSi^F-i- (39) 
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Our previous results (12) and (27) are recovered for F = 2 and F = 3, with the 
notation •0(1) = and '0(2) = 4^- For F = 1, we simply have Sx = ex. Note that 
in (26), iq~^/'^ = 1 for F = 2. An action invariant under (39) is: 

1 

5 = dt-[x^ + if3Y,iy- q-')i^ii)i^iF-i)\ (40a) 

with = ae~^ = Fa^. More precisely, the Lagrangian varies by the total deriva- 
tive 

d d 

Alternatively, using (36) and the symmetry of the action under the substitution 
i ^ F — i, we may rewrite (40a) as 

F-l 

^ ^ dt-[x^-l^Y.^l- g-^)V'(^)V'(F-^)] • (406) 

i=0 

Note that the action is real. The first term of the sum in (40) always vanishes, 
but is included because it allows us to take the F — 1 limit, which corresponds to 
the spinless (free) particle: 

S = J dt hc^. (42) 

The cases F = 2 (with a = 1/2) and F = 3 reduce to those given previously in 
(13) and (30). 

The fractional-superspace formulation of the action is: 

S=- f dtdO — (D^ZDZ) = -i I dtde — (ZDZ) (43) 
J 2e J 2e 

where D is given in (8). In such a formulation, a general action is invariant under 
a transformation Z — > Z + SZ if the variation of the Lagrangian can be written as 
a total derivative, 

SL = dtAi + d0A2 + 50As, (44) 

since the time-integrations of ^^Ai and the ^-integrations of 80^2 and SqA^ all 
vanish (there is no d^~^ term in dgA2 and SgA^ which would have survived the 
^-integration). In particular, a variation of the Lagrangian which is a total Q- 
derivative or Z)-derivative, 

5L = Q{A) + D(A'), (45) 
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can be written as in (44). Therefore, the action (43) is automatically invariant 
under the variation (26) since d{ZDZ) = eQ^ZDZ); to see this last point, recall 
the discussion between formulas (32) and (33), replacing (24a) and (29) by (35a) 
and (38). Using the rule (11) to integrate over 9 in (43), we obtain the action 
(40). In order to recover the action of a spinless particle (42) directly from (43) 
for F = 1, we need to define the integration over a paragrassmann variable of 
order 1 as J dO = 1, i.e., as the F = 1 case of the formula (11). 

6. Fractional supercharges and Euler-Lagrange equations 

We first introduce the generalized momenta conjugate to i/jii)' 

7r(,) = 2 = - q-') V'(F-z), i = 1, F - 1 (466) 

(the factor 2 will be discussed below). They are the components of the fractional- 
superspace momentum conjugate to Z{t, 9) 

n(t, e) = 2^ = — Dz (47) 

^ ' dZ e ^ ' 

which is decomposed as 

F-l 

n(t, ^) = 5^ ai = (48) 

1=0 

Note that H* = H. In order to recover the proper result for F = 1, i.e. p = i, we 
must consider Z and DZ as independent variables when calculating (47) even for 
F = \. The action is then simply 

S = J dtde ^{ZU). (49) 

We also have 

Jd9[U,Z] = and Jd9[U,Z]^0 (50) 

which follow from (35). If we wish to add 

[Z,Z]=0 (51) 
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we must require 

= V'O)V'(i) for j F-i. 



(52) 



We now wish to construct the conserved Nother charges associated with the 
symmetry transformations (39). It is important to notice that for a general La- 
grangian of the form L = 22i=o <^i^{i)B(F-i) with = q^''B(^F-i)A^i) 

(we concentrate here on the internal-space part), we have 

5L=Y,a, + = [5A^i) ^ + 8B^^ —-] . (53) 

Then, it is easy to show that the generalized Euler-Lagrange equations which 
follow from a least-action principle are 

^ ^ ' = 0. (54) 



Therefore, the quantity 

t^=i:«*,.,^-X, f = (65) 

is a constant of motion when the Lagrangian varies under a transformation 5V'(i) 
by the total derivative 5L = dX/ dt. The Hamiltonian is simply the particular case 

(56) 

For given by (39) and corresponding X given in (41), we find the following 
conserved fractional supercharge:^ 



1 

Q = 2 SI ^^^^ 



i=0 



t If wc had defined /T(j-) in (466) without the factor 2, the boundaries of the 
summation in (57) would have been XliLi^) whereupon the case F — 1 would not 
have been included. Moreover, the definitions (46) are those which follow naturally 
from the fractional-superspace formulation (47). 



12 



The three first orders are exphcitly: 



F= 1 




(58a) 
(586) 
(58c) 



F = 3 



F = 2 



Q = axip 

Q = bxip + ccf)^ 



where 



a = 2ip, 



b = ipil-q), 



(59) 



Note that (fQ)* = eQ, i.e., Q* = q~^Q, using (52); however, g~^/^Q is a real 
charge. For F — 1, Q is simply the Hamiltonian, and for F = 2 we recover the 
usual SUSY charge. The canonical dimension of Q is A[Q] = 1 + 1/F (we have 
A[dt] = 1, A[9] — —1/F and A[ip{i)] = i/F). It would be natural to guess that 
other FSUSY transformations are generated by different powers of Q, i.e., with 
k — 1, ...,F. However, if one tries to apply the Leibniz rule (21) with e'Q'^, one 
finds that it holds only for k — 1 and k = F, i.e., for Q and df. Therefore, there 
are conserved charges with dimension A = 1 + k/ F only for k = 1 and k = F. 
Note also that the charge Q can be seen as a "one time and zero space" version 
of a conserved fractional current. On the other hand, the generator Q of FSUSY 
transformations is one element of an infinite algebra which we call fractional super- 
Virasoro algebra.^^^ In this context, Q has fractional "conformal spin" s = 1 + 1/F. 

Finally, let us write the fractional-superspace formulation of the Euler-Lagran- 
ge equation of motions. We first emphasize that in order for the operator eD to 
obey the Leibniz rule, as eQ in (21), the parameter e must be different from e 
[which satisfies (28)]. Rather, we have 



eD{AB) = eD{A) B + A eD{B) 



(60) 



with 



ed = qOe, 



ede = q ^dee eSo = q ^See. 



(61) 



Unlike e, this new parameter e commutes with Z and Z. Therefore, in the par- 
ticular case where ^ is a function of Z and Z only, i.e. A ^ A{DZ), we have 
simply 



D{AB) = D{A)B + AD{B), A = A{Z,Z). (62) 
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As we will see below, we must restrict ourself to Lagrangians of the form L = 
L{Z, DZ, Z), i.e., with no dependence on terms as D'^Z with 1 < i < F. Then, a 
general variation of the action is written as 

^S = /</t</»(*Z§ + ^DZ^+^z|). (63) 

In order to write 5S such as in (63), all the variables must commute under the 
^-integration, i.e., we need (50) and (51). However, in general there is no term 
such as ZZ^ either in free part (49) or in the interaction part (see below), so we 
can forget (51). As usual, the last term is rewritten as —5Zdt{dL/dZ). Using (62) 
and J dt d6 D{A) = 0, we can rewrite the second term as —dZ D{dL/dDZ). Then, 
requiring dS = for arbitrary variations SZ leads to the following Euler-Lagrange 
equation: 

dL dL \ d fdL\ , 

Note that, as mentioned before, Z and DZ must be considered as independent 
variables even for F = \. We now see why we must consider only Lagragians of 
the form L = L{Z, DZ, Z), since the least-action principle yields the equation of 
motion only through the Leibniz rule. The formula (64) is a generalization of the 
superspace Euler-Lagrange equation of Ref. [6] . 

For the present free-particle case, the equation of motion is trivial. Indeed, 
from (43) and (64), we obtain n = 0, i.e., x = and ip(i) = for i > 0. However, 
recalling that Z, DZ and Z are fractional superfields and that any product of 
such fields is again a fractional superfield, it is straightforward to add magnetic 
interactions which preserve the FSUSY invariance.t^^ For instance (in more than 
one dimension), a term such as Ai{Z)DZi leads, after integration over $, to Lint = 
Ai{x)xi+ spin-magnetic-field couplings. 

7. Concluding remarks 

As mentioned in the introduction, the relation = —idt is inspired from 
the FSUSY quantum mechanics = H, where Q is the quantum fractional 
supercharge and H the Hamiltonian.I^'^] However, there is another generaliza- 
tion of SUSY quantum mechanics called para-supersymmetric (PSUSY) quan- 
tum mechanics For instance, PSUSY quantum mechanics of order 3 is defined 
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through the relation = QH with 7^ H. Correspondingly, there is a gener- 
ator of PSUSY transformations, Q = dg — ieOdt with 6 a paragrassmann variable 
of order 3 (and e"^ = 3ct), which satisfies = -iQdt (but ^ -idt)S^^ The 
para-superspace coordinate is of the form Z(t, 9) = x + 9il^ + 9^B, where S is a 
bosonic auxiliary field since the theory has only two sectors J^l 
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